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A CRITERION FOR QUASINORMALITY IN 


GOPAL DATT AND SANJAY KUMAR 


Abstract. In this article, we give a Zalcman type renormalization result for the quasi¬ 
normality of a family of holomorphic functions on a domain in C" that takes values in a 
complete complex Hermitian manifold. 


1. Introduction 

The convergence of a family of functions always has far reaching consequences. In his 
path breaking paper of 1907 HDl, Montel gave a result on the convergence of the family 
of holomorphic functions which states that a sequence of uniformly bounded holomorphic 
functions has a subsequence that is locally uniformly convergent. Later in 1912 (see m), 
he introduced the term normal family for a family satisfying this convergence property. 
In a subsequent paper [12], he introduced the notion of quasinormality of a family of 
functions in one complex variable. All these ideas are well documented in his influential 
book [13]. The normality of a family of functions is one of the most fundamental concepts 
in function theory of one and several complex variables. It has been extensively used 
in the study of dynamical properties of functions of one or more complex variables. In 
fact, normality plays a vital role in the Julia-Fatou dichotomy in complex dynamics. In 
a different direction Beardon and Minda in [5] discuss normal families in terms of maps 
that satisfy certain types of uniform Lipschitz conditions with respect to various confor¬ 
mal metrics and more background materials can be found in [H [131 HH] • While all theses 
provide sufficient conditions for normality, Zalcman in [22] proved a striking result that 
studies consequence of non-normality. Roughly speaking, it says that in an inhnitesimal 
scaling the family gives a non-constant entire function under the compact-open topol¬ 
ogy. We state this renormalization result which has now came to be known as Zalcman’s 
Lemma-. 

Zalcman’s Lemma: A family iF of functions meromorphic {analytic) on the unit disc 
A is not normal if and only if there exist 

(а) a number r, 0 < r < 1 

(б) points Zj, \zj\ < r 
(c) functions {fj} C T 
{d) numbers pj —?• O’*" 

such that 

fj{zj -k pjC) -)■ g{C) 
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spherically uniformly {uniformly) on compact subsets of C, where g is a non-constant 
meromorphic {entire) function on C. 

This lemma leads to a heuristic principle in function theory. The principle says that 
any property which forces an entire function to be a constant will also force a family of 
holomorphic functions to be normal. The source is Marty’s inequality which gives a neces¬ 
sary and sufficient condition for the normality of a family of holomorphic or meromorphic 
functions on a domain hi C C. 

It is very natural to explore the extension of Zalcman’s Lemma in several complex 
variables. In [2], Aladro and Krantz gave an analogue of Zalcman’s Lemma for families of 
holomorphic mappings from a hyperbolic domain of C” into complete complex Hermitian 
manifold M (see also Lemma 5.1 0 )- Their analysis was completed by Thai, Trang and 
Hnong in [20] which addresses the possibility of compact divergence of the renormalized 
map gj{C) = fj{zj + PjC)- In the same paper [20] Thai et. ah also defined the concept 
of Zalcman space. Loosely speaking a complex space X is Zalcman space if for each 
non-normal family of holomorphic mappings of unit disc {zGC:|z|< 1} into X, we get 
a non-constant holomorphic mapping g : C ^ X under the compact-open topology after 
an infinitesimal scaling. This work is further studied in [T^ |2I] . In this paper, our goal 
is to prove an analogue of Zalcman’s lemma for quasi-normal families in several complex 
variables. We have illustrated our results with examples. 

The theory of quasinormality is well studied in one complex variable. Chuang, in his 
text [1], introduced the notion of normality (m > 0) as an extension of quasinormal¬ 
ity in complex plane, Qo and Qi-normality are usual normality and quasinormality respec¬ 
tively. Loosely speaking a normal family on a domain D is normal outside a subset 
of D whose order derived set is empty. He introduced the notion of pm~point and 
established some characterizations of “normality. Roughly speaking a point Zq & D is 
a /To—point of a family X if the family violates the Marty’s Criterion on zq and pi—point 
is the accumulation point of /xq— points. Inductively a /im—point is an accumulation point 
of yUm-i—points. In this paper we extend the notions of and /i 2 —points in higher di¬ 
mensions whereas we could not generalize the notion of /im—points for m > 3 in several 
variables due to the nature of zeros of holomorphic mappings in higher dimensions. It 
seems that the ’order of quasinormality’ as given in one variable is not plausible in higher 
dimension. It is interesting to note here, using the notion of /im—points, Nevo proved a 
Zalcman type renormalization result for Qm—normal families on planar domains |14j . 

In several complex variables, the theory of quasinormality has its origin in the work of 
Rntishauser Cl and Fnjimoto [B]. In [B] Fujimoto extending the work of Rutishauser in¬ 
troduced the notion of meromorphic convergence. In a recent article [^ , Ivashkovich and 
Neji discuss several notions of convergence namely strong convergence, weak convergence 
and gamma convergence. It can be seen easily from the dehnitions that weakly-normal 
implies quasi-normal. In this paper we have also given a renormalization result for weakly- 
normal family of holomorphic mappings. It is instructive to note here a survey article [5] 
by Dujardin where he gives a sufficient condition for quasinormality of a familly of holo¬ 
morphic functions from a complex manifold to a compact Kahler manifold in terms of a 
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suitable sequence of bidegree (1,1) currents. 


2. Preliminary Definitions and Main Results 

Let D C C” be an open domain and A be the unit disc in C. If z G D and ^ G C"" then 
- by the work of Royden [16] - the infinitesimal form of the Kobayashi pseudo-metric for 
R at in the direction ^ is defined as: 

= inf I II : / : A ^ D is holomorphic, /(O) = z, 

and f'{0) is a constant multiple of 

where ||.|| represents Euclidean length. And The Kobayashi pseudo-distance between z 
and tn in R is dehned as: 

Kn{z,w) = inf [ F^{'y{t),'y\t))dt, 

z Jo 

where the infimum is taken over C^- curves 7 : [0,1] —?• D such that 7(0) = z and 7(1) = w. 

In this work we shall use the following dehnition of (Kobayashi) hyperbolicity which - 
as shown by Royden |T6| - is equivalent to the original dehnition. 

Definition 2.1. mm A domain D C C” is called hyperbolic at a point z G D if there is a 
neighborhood K of z in D and a positive constant c such that 

> c ||.^|| for all y G K and all ^ G C”. 

We say that D is hyperbolic if it is hyperbolic at each point. 

Let M be a complete complex Hermitian manifold of dimension k and let £^p{M) 
denotes the complexihed tangent space to M at p. We denote the metric for M at p in 
the direction of the vector ^ G JFp{M) by Em{p',0- Let D C C” be a hyperbolic domain. 
We denote the set of all holomorphic functions from D into M by Hol(r2, M). 

Definition 2.2. Let W be a family of holomorphic mappings of a domain R in into a 
complete complex manifold M. F is said to be a normal family on hi if W is relatively 
compact in Hol(r2, M) in the compact open topology. 

Definition 2.3. Let X, Y be complex spaces and F C Hol(X, Y). A sequence {fj} C F is 
compactly divergent if for every compact K <Z X and for every compact L <zY there is 
a number J = J{K, L) such that fj{K) fl L = 0 for all j > J. If F contains no compactly 
divergent sequences then F is called not compactly divergent. 

Let R C C** be a domain. A subset S' of R is called a complex analytic subset if for any 
z G R there exist a neighborhood U of z and holomorphic functions on U such 

that S DU = {z & U : ffiz) = ... = ffiz) = 0}. Notice that analytic subsets are closed 
and nowhere dense in R. 
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Definition 2.4. A sequence {fj} of holomorphic mappings from a domain C C"" into a 
complete complex Hermitian manifold M is said to be weakly-regular on if any z G 12 
has a connected neighborhood U with the property that {fj{z)} converges uniformly on 
compact subsets of U \ E ot compactly diverges on U \ E, where E (Z U is a.n analytic 
subset of codimension at least 2 . 

Definition 2.5. Let be a family of holomorphic mappings from a domain 12 in C" into 
a complete complex Hermitian manifold M. E is said to be a weakly-normal family on 12 
if any sequence in E has a weakly-regular subsequence on 12 . 

Definition 2.6. A sequence {fj} of holomorphic mappings from a domain 12 C C"" into a 
complete complex Hermitian manifold M is said to be quasi-regular on 12 if any z G 12 
has a connected neighborhood U with the property that {fj{z)} converges uniformly on 
compact subsets of 17 \ or compactly diverges on U \ E, where A' C 17 is a proper 
complex analytic subset of U. 

Definition 2.7. Let 7^ be a family of holomorphic mappings from a domain 12 in C” into 
a complete complex Hermitian manifold M. E is said to be a quasi-normal family on 12 
if any sequence in E has a quasi-regular subsequence on 12. 

Theorem 2 . 8 . [H [2] Let Q Z be a hyperbolic domain. Let M be a complete complex 
Hermitian manifold of dimension k with metric Em- Let E = {fa}aeA ^ Hol(12,M). If 
the family E = {fa}a&A is a normal family then for each compact set L Z Ll {i.e L is 
relatively compact in 12 ), there is a constant Cl such that for all z ^ L and all f G C”, 
it holds that 

(2.1) snp\EM{fa{z);{fa)*{z).0\ ^CLF^iz^f). 

Conversely, if fl2.1|) holds and if for some p G 12, all faip) are in some compact set Q of 
M, then E = {fa}a&A is a normal family. 

Aladro and Krantz gave an extension of the Zalcman’s Lemma to the higher-dimensional 
setting |2]. A case missing from the analysis in |2] was provided by Thai et. ah | 2 Uj . 
Their result is as follows: 

Theorem 2 . 9 . [SOj Let fl be a domain in LE. Let M he a complete complex Hermitian 
space. Let E Z Hol(12,M). Then the family E is not normal if and only if there exist 
sequences {pj} C 12 with {pj} pq E fl, {fj} C E, {pj} C M with pj > 0 and {pj} —)■ 0 
such that 

9j{0 = fjiPj + PjO^ ^ G C” 
satisfies one of the following two assertions: 

(i) The sequence {gj}j>i is compactly divergent on C™. 

(ii) The sequence {gj}j>i converges uniformly on compact subsets of C" to a non¬ 
constant holomorphic map g \ LE ^ M. 

The main result of this paper provides an analogue of the Zalcman’s Lemma for the 
quasi-normal families. Our main result is as follows: 

Theorem 2 . 10 . Let 12 C C” fee a hyperbolic domain. Let M he a complete complex 
Hermitian manifold of dimension k. Let E = {/a}aeA ^ Hol(12,M). The family E is 
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not quasi-normal if and only if there exist a subset E G ^ which is either a non-analytic 
subset or the closure E has non-empty interior and corresponding to each p & E there 
exist 

(a) a sequence of points C such that Wj^p p. 

(b) a sequence of functions {fj} C E, 

(c) a sequence of positive real numbers pj^p —)■ 0 , such that 

9j{0 = fjiwj,p + Pj,pO, ^ e {peE) 
satisfies one of the following two assertions. 

(i) The sequence {pj} is compactly divergent on C". 

(ii) The sequence {gj} converges uniformly on compact subsets o/C"" to a non-constant 
holomorphic map Pp \ ET ^ M. 

The following example will elucidate our result. 

Example 2.11. Consider the family of holomorphic mappings {fn{zi,Z 2 ) = Zi} from 
into C . Clearly /„ is not normal in E = {{zi, Z 2 ) : |^i| = 1}. Therefore {/„} is not quasi¬ 
normal in C^. To see this £x 0 < 6* < 27r and consider the sequences Zj = pj = 1/j. 
It can be seen easily that fi'j(C) = fj{zj + PjC) converges to non-constant holomorphic 
mapping 

3. Proof of Main Result 

Before giving the proof of our main result (Theorem [STO]), we give some definitions and 
lemmas, whose one dimensional analogue can be found in [U [T3]. Throughout section 3, 
C is a hyperbolic domain and M denotes a complete complex Hermitian manifold. 
Here we extend the notions of /xi—point and /X 2 —point of a sequence {fj} C Hol(f2, M). 

Definition 3.1. Let C C"" be a hyperbolic domain. Let M be a complete complex 
Hermitian manifold of dimension k. Consider a sequence {/j} C Hol(fl,M). A point 
Po £ ^ is said to be a pi—point of {fj}, if for each subset K G Q containing po, 

lim sup |Rm(/j(p), (/i)*(p)-OI = oo- 

(1) A point Po is called a p 2 —point of {fj} if there exists an analytic set iC C R of 
codimension at most 1 , containing po, such that each point of R is a pi—point of 

{/.}• 

( 2 ) We say po is a q—point of {fj} if there exists a subset K G fl, containing po, such 
that closure K has non-empty interior and each point of iL is a pi—point of {fj}. 

(3) We say po is an X— point of {fj} if there exists a non-analytic subset K G fl 
containing po such that each point of iL is a pi—point of {fj}. 

Example 3.2. Let {/«,} be a family of holomorphic mappings from on to itself such 
that fn{z) = nz, where z = (zi, Z 2 ). Then 2 ; = (0, 0) is a pi—point of {fn}- 

Example 3.3. Let {fn} be a family of holomorphic mappings dehned on the polydisc 
D = {( 2 : 1 , 2 : 2 ) : \zi\ < 1 and | 2 ; 2 | < 1} such that fn{zi,Z 2 ) = nziZ 2 . Then each point of 
E = {{zi, Z 2 ) : Z 1 Z 2 = 0} is a p 2 -point of {/„}. 

Example 3.4. Let {fn} be a family of holomorphic mappings dehned on such that 
fn{z\, Z 2 ) = e"'^L Then each point oi E = {(^i, 2 : 2 ) : ifizi = 0} is an A—point of {fn}- 
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Lemma 3.5. Let C be a hyperbolic domain. Let M be a complete complex Hermitian 
manifold of dimension k. A family IF C Hol(f2,M) is normal in Vt if and only if each 
sequence {fj} of F has no jui—point in 

Proof. Suppose F is normal then by Theorem 12.81 there is no /ii—point for any sequence 
{/,}of.F. 


Conversely, suppose no sequence has a /ii—point in fl. Assume, on the contrary, that 
F is not normal in fl. Consider a sequence {fj} of F, then there is a point po & Ll such 
that we can not hnd a ball T = {p : \\p — po|| < T d and a number > 0 such that 
for j > 1 we have 

\EM{Mpy,ifMp)-0\<N in r. 

Take two sequences of positive real numbers {r^.} —)■ 0 and {A"fc} —)■ C )0 such that the ball 
Tfc = {p : Up ~ Poll < ^k} is contained in ff. Then there is an integer ji > 1 such that 

_sup |Em(/p(p); (/ii)*(p)-OI > ^ 1 - 

p 6 ri,||q|=i 

Next there is an integer j 2 > ji such that 

_sup |Em(/j 2 (p); {fh)*ip)-0\ > N 2 . 
p 6 r 2 ,||q|=i 

Continuing in this manner, we get a sequence of integers [jk], {k = 1,2,.. .) such that for 
A; > 1 , we have 

_sup lEMifj^ip); (/iJ*(p)-OI > Nk. 


Now consider a ball T : ||p — Po|| < r such that T d Let fco > 1 be an integer such 
that rk < r for k > ko, then for k > ko we have 

Nk< _sup \EM{fjk{py{fh)*ip)-0\ < sup |^M(/ifc(p);(/iJ*(p).OI- 

peFfc,11^11=1 per,11511=1 

Hence 

lim sup |h;M(/,,(p);(/jJ*(p).OI = oo- 
per,11511=1 

This implies po is a pi—point of the sequence [fj] which is a contradiction. □ 

Lemma 3.6. Let kl (LEA be a hyperbolic domain. Let M be a complete complex Hermitian 
manifold of dimension k. A family F C Hol(f2,M) is weakly-normal in if and only if 
each sequence {fj} of F has neither a 1 x 2 —point nor a X—point in fl. 

Proof. Suppose that F is weakly-normal in Let {fj} be a sequence of functions of 
F. Then we can extract a weakly-regular subsequence from {fj}. On the contrary 

we assume that {fj} has a p 2 ~point po in O . Since F is weakly-normal therefore we 
can hnd a neighborhood Uq of po in O such that {fj^.} converges uniformly on compact 
subsets of Uq \ E, or diverges compactly on Uq \ E, where E is an analytic subset of Uq 
of codimension at least 2. For each p' E Uo\ E, converges or diverges compactly 

hence {fj^} is normal in Uo\E so by Lemma {fjk} no pi—point in Uq \ E. But 
by dehnition of p 2 —point there exist an analytic set K L fl oi codimension at most 1, 





A CRITERION FOR QUASINORMALITY IN C" 


7 


such that each point of is a /ii—point of S and hence of S' which is a contradiction. 
Similar argument can be given if po is A—point. 


Conversely, suppose that T has neither a p 2 —point nor a A—point and T is not weakly- 
normal on ff. Consider a set iC d Let {fj} be a sequence of functions of then we can 
not extract a subsequence which is weakly-regular in K. Then {fj} must have pi—points 
in K, also set V of all /ii—points contains either a non-empty analytic subset 14 C of 
codimension at most 1 or a non-analytic set 14 C ff, otherwise {fj} constitutes a weakl- 
normal family. Since 14 is a set of codimension at most 1 then for p G 14 there exists a 
neighborhood Ni of p and each point of fl 14 is a pi—point of S, thus p is a /i 2 —point 
of S. Also 14 is a non-analytic set then for p G 14 there exists a neighborhood N 2 of p 
and each point of N 2 Cl I 4 is a pi— point of S, thus p is a A—point of S. In either case we 
get a contradiction. □ 


In the same lines we can prove the following result: 

Lemma 3.7. LetVt ^ C" be a hyperbolic domain. Let M be a complete complex Hermitian 
manifold of dimension k. A family IF C Hol(f2, M) is quasi-normal in if and only if 
each sequence {fj} of F has neither a q—point nor a X—point in 

We now give the Local version of Zalcman’s Lemma for Normal families. 


Lemma 3.8. Let Vt be a hyperbolic domain. Let M be a complete complex Hermitian 
manifold of dimension k. Let F = {fa}aeA ^ Hol(f2, M). The family F is not normal at 
Po & Ll if and only if there exist 

(а) a sequence {pj} C such that pj —)■ po. 

(б) a sequence of functions {fj} C F, 

(c) a sequence of positive real numbers pj —)■ 0 such that 

9ji0 = fjiPj + PjO^ ^ e 
satisfies one of the following two assertions. 

(i) The sequence {pj} is compactly divergent on C”. 

(ii) The sequence {gj} converges uniformly on compact subsets ofTF to a non-constant 
holomorphic map p : C** —)■ M. 


Proof. Assume that F is not normal at po, then by Theorem 12.81 there exists a compact 
set Kq G {p : ||p — Po|| < p} = Ki for some p > 0 and a sequence fj C F, {qj} C Kq and 
C C", such that 


(3.1) 




Let /co G N be such that —= < p, then for k > ko there is fk & F with 

yko 


(3.2) 

\EM{fk{qkf {fk)*{qk)-f,k)\ > kF^{qk,^k), for all k > ko and g* G < p : ||p -po|| < 



9 kip) 


fk 



Now dehne 






G. DATT AND S. KUMAR 


Each Qk is defined on A = {p : ||p|| < 1} and satisfies 


(3.3) 


Ehiigkiqk]': 





>VkF^{qk,0, 


1 

y/k 


ifk)* 




therefore {gk} is not normal in A. Now by Theorem 12.91 there exist 

(1) a compact set K A, 

(2) a sequence {p*} G K, 

(3) a sequence {gk^} C {gk}, 

(4) a sequence of positive real numbers p* —)■ 0 

such that hkj{^) = gkj {p*j + p}^) , ^ € C"" either compactly divergent on C"" or converges 
uniformly on compact subsets of C" to a non-constant holomorphic map p : —>■ M. 


This is same as fkj 



+ 



G C” either compactly divergent on C"’ or con¬ 


verges uniformly on compact subsets of C” to a non-constant holomorphic map p : C"" —>■ 
M. Now set 


Pj 


-F po and Pj 



This proves the necessity part of the Lemma. 

Conversely, assume that the conditions of the lemma are satisfied and suppose, on 
the contrary, that F is normal at po- Then by analogue of Marty’s Theorem in C"', for 
compact subsets Kq and Kx with p^ ^ Kq G Kx G ff, there exists a number A > 0 such 
that 

(3.4) sup |Em(/(p); (/)*(P)-C)I < for each/ gJ". 

P6Ai,||C||=l 


Now, suppose gjiX) = fjiPj + PjO converges uniformly on compact subsets of C” to a 
non-constant holomorphic map p : —)■ M we have 


\EMigj{0F'j{0-C) \ = lEnifjiPj + pjO', pj{fj)*{pj + pjO-C)\ 

(3.5) < pjN. 


Taking the limit, we get 

hm |Em(p,(0;^?'(0-C)I = |i^M(^?(0;^7'(0-C)l = o. 

J^OO 

Then g'{^) = 0 for any ^ G C", therefore p is a constant function which is a contradiction. 


Next, suppose that gj{^) = fjipj + PjC) is compactly divergent. Since the family is 
normal, without any loss of generality, we may assume that the sequence {fj} —?• /. And 
we get gj{^) —)• f{po), which is not possible as {gj} is compactly divergent. This completes 
the proof. □ 

Example 3.9. Let D = {{zx,Z 2 ) ■ \zx\ < 1 and \z 2 \ < 1} be the polydisc in C^. We 
consider a family of holomorphic mappings {/n}, from D into C where /n(^i, ^ 2 ) = 
for all n G N. Since {fn} has no subsequence which is convergent at any point in the set 
E = {{(3fJ(zi), 0) X (0, ^(^ 2 ))} U {(0, A(zi)) X (3fJ(z2), 0)}} n A so {/„} is not normal in D. 
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As {fn} is not normal at (0,0), we get a sequence {pn} in D such that pn 





where ( 2 ^ 1 ,-^ 2 ) is a hxed point in D. Notice that {p„} (0,0). Also we have a sequence 

of positive real numbers {pn} 0 , where Pn = ^ such that for all ^ = {zi,Z 2 ) € we 
have 


9n{Pn Pn^) 


fn{Pn A Pn^) t 6 


{z^+zi){z^+Z2) 


Now we are ready to prove Theorem 12.101 

The proof of Theorem \2.1(A Suppose all the conditions of the theorem are satished. Since 
E is is either a non-analytic subset or the closure E has non-empty interior then for each 
Po G E, we can get a sequence pj in E such that pj —)■ po. By Lemma 13781 E is not normal 
at Po- Since po is an arbitrary point of E and E is either a dense subset or a non-analytic 
subset of ff, is not quasi-normal in ff. 


Conversely, suppose E is not quasi-normal family in Then by Lemma 13.71 there 
exists a sequence S' = {hj} of E which has either a g—point or a A—point po ^ This 
implies that there exists a subset 1 / d which is either dense or a non-analytic subset 
containing po so that each point of 17 is a pi—point of S'. Since V is either dense or 
non-analytic, we can choose a sequence of positive real numbers {rj} such that {rj} —)■ 0 
and for each open ball i?(po,rj) = {p G 12 : ||p — po|| < Fj}, the set V fl B{pQ,ri) has at 
least one pi—point. Now we proceed inductively to get conditions of the theorem. 

Step 1. There exists 

(Ai) a pi—point pi G 12 such that pi G 17 fi i?(po,ri). So S' is not normal at pi. 

Therefore, by Lemma [3.81 there exist 
(Bi) a sequence {wyi} C 12 such that {wyi} —t Pi, 

(Cl) a subsequence Si = {hj^i} of Sq, 

(Z 2 i) a sequence of positive real numbers —)■ 0, such that 

hj,i{wj^i + Pj^if), f G C”, either compactly divergent on C or converges uniformly on 
compact subsets of C"" to a non-constant holomorphic map : C" —>■ M. 

Step 2. Since po is also a g—point or a A—point of Si, there exists 

(Ai) a pi—point p 2 G 12, p 2 7 ^ pi, such that p 2 G 17 fi i?(po,r 2),0 < r 2 < ri. So Si is 
not normal at p 2 - Therefore, by Lemma [3.81 there exist 
{Bi) a sequence {wjp} C 12 such that {wjp} —t P2, 

(Cl) a subsequence S 2 = {hjp} of Si, 

(Z 2 i) a sequence of positive real numbers {pjp} —)■ 0 ,, such that 
hjp{wj ^2 + PjpO) i ^ C”, either compactly divergent on C or converges uniformly on 
compact subsets of C"" to a non-constant holomorphic map ^2 : C" —>■ M. 


Continuing in this manner we get sequences {pj} —)■ po, {wij}, {pij}, {pj} and 
Now we use the Cantor’s diagonal method and choose E = V] fi = hi^p Wi^p^ = Wi/, pi^p^ = 
Pi^i- Then for each j > 1, is a subsequence of Sj and fiiwi^p^ -|- Ppp^O,^ ^ either 

compactly divergent on C"" or converges uniformly on compact subsets of C"" to a non¬ 
constant holomorphic map Pp^ : C” —)■ M. This completes the proof of theorem. 

□ 


For the weakly-normal family we propose the following theorem. 
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Theorem 3.10. Let Q, C be a hyperbolic domain. Let M be a complete complex 
Hermitian manifold of dimension k. Let IF = {fa}aeA ^ Hol(f2,M). The family F is 
not weakly-normal if and only if there exist a subset E <Z Ll which is either an analytic 
subset of codimension at most 1 or a non-analytic subset and corresponding to eachp G E 
there exist 

(а) a sequence of points C 12 such that wj^p p. 

(б) a sequence of functions {fj} C F, 

(c) a sequence of positive real numbers Pj^p —)■ 0 , such that 

9j{0 = fjiwj,p + Pj,pO, ^ e C" {peE) 
satisfies one of the following two assertions. 

(i) The sequence {gj} is compactly divergent on C”. 

(ii) The sequence {gj} converges uniformly on compact subsets o/C” to a non-constant 
holomorphic map Pp \ LF ^ M. 

The proof of Theorem 13.101 is merely a formality. It can be proven on the similar lines 
as of the proof of Theorem 12.101 nsing Lemma 13.61 instead of Lemma 13.71 

The following examples elncidate Theorem 13.101 

Example 3.11. Let {fn} be a family of holomorphic mappings defined on the polydisc 
D = {(zi,Z2) : l^il < 1 and 1^21 < 1} snch that fn{ziF2) = nziZ2. Then {/„} is not 
weakly-normal on D, as {/„} converges compactly in D\E, where E = {{zi, Z2) : Z1Z2 = 0} 
is an analytic snbset of codimension 1 of E. Let {z^, ^ E he any arbitrary point, 

withont loss of generality we take z^ = 0. Then we get a seqnence {p„} —)■ (0, of 

points in E, where Pn = ^0, j • Also we have a seqnence of positive real nnmbers 

{pn} —>■ 0, where Pn = ^ snch that for all f = (zi, Z 2 ) G and we get 

gn(.Pn T Pn^') fni^pn T Pn^n) t ^ 22 ^ 12 ^ 2 - 

Example 3.12. Let {fn} be a family of holomorphic mappings dehned on the polydisc 
D = {(2:1,2:2) : \zi\ < 1 and |2;2| < 1} snch that /n(^i,^2) = cos(n2;i^2)- Then {/„} is 
not weakly-normal on D as {fn} is not compactly convergent in any open snbset of D 
containing E = {( 2 : 1 , 2 : 2 ) : 2 : 1^2 = 0}, which is of codimension 1. Let (z^yZ^) be any 
arbitrary point of E, withont loss of generality we take Z 2 = 0. Then we get a seqnence 

{Pn} ( 2 ^ 1 ) 0 ) of points in E, where pn = ^ 2:1 + Also we have a seqnence of 

positive real nnmbers {pn} —>■ 0, where Pn = ^ snch that for all f = ( 2 : 1 , 2 : 2 ) G and 
we obtain 

gn{Pn + PnO = fn{Pn + PnO COs(2;i2;i2:2). 


Before ending the paper we give one more example of a family of holomorphic mappings 
which is not qnasi-normal. 

Example 3.13. Let H = { 2 ; G C : |; 2 | < 1}. We consider a family of holomorphic mappings 
{fn} from D into C, where fn{z) = Since {/„} has no snbseqnence which is convergent 
at any point in the set E = {z : 3fJ2: = 0} so {fn} is not qnasi-normal in D. 
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